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Experimental heat transfer studies were carried out in beds of unconsolidated glass beads and 
sand through which fluids were flowing. The scope of the measurements included four fluids, 
helium, air, carbon dioxide, and water liquid a t  atmospheric pressure in beds packed with four 
sizes of glass beads, 110, 370, 570, and 1,020 p and with two sizes of sand, 110 and 240 p. Flow 
rates ranged from 1 to 26 lb./(hr. sq.ft.) in a direction parallel and countercurrent to energy flow. 

The data were interpreted in terms of apparent, effective thermal conductivities of the bed. The 
values of k, increase significantly with mass velocity of fluid. 

By considering the mechanism of heat transfer in porous media a relationship was developed 
between k. and the heat transfer coefficient between fluid and particle. Treatment of the 
experimental data in this fashion, combined with available information for larger particles, 
results in a correlation of Nusselt and Reynolds numbers for air that covers the range N R @ ~  = 
lo - l to  lW. 

There have been a number of heat 
transfer studies in beds of unconsoli- 
dated particles filled with stagnant 
fluids (6, 10, 11, 12, 19, 20, 21, 2 2 ) .  
In a recent paper ( 1 3 )  Kunii and 
Smith reviewed these investigations 
and proposed equations for predicting 
stagnant conductivities for both uncon- 
solidated sands and porous rocks. 
These equations take into account the 
effect of thermal and physical proper- 
ties of the solid and fluid phases. 

The problem of heat transfer with 
fluids flowing through the solid phase 
is not as far .advanced as the stagnant 
case. Unsteady state measurements 
have been made ( 3 ,  5, 16) on beds of 
unconsolidated particles through which 
water is passed to displace the ori inal 

neglected the effective thermal conduc- 
tivity of the bed in the direction of 
flow and interpreted the data in terms 
of a heat transfer coefficient between 
solid particle and fluid. In a general 
paper Jenkins and Aronofsky (9) sug- 
gested that such longitudinal conduc- 
tivities are significant for fine particles 
and low flow rates. Hadidi et al. ( 5 )  
determined approximate values of k, 
by comparing experimental tempera- 
ture distributions in the bed with com- 
puted results. In a subsequent analysis 
Preston (15) neglected the limitation 
to heat transfer between solid and fluid 
and reported values of the effective 
thermal conductivity. ModScation of 
his results to the form of plots of k. vs. 
Reynolds number showed that the 
sta nant conductivity in the direction 
of f i  ow may be increased two to three 
times when the fluid is in motion. 

The objectives of the present work 
are the measurement of and the devel- 
opment of a method for predicting ef- 
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fluid. Preston's (3 ,  16) original an s ysis 

fective thermal conductivities parallel 
to the direction of flow in beds of un- 
consolidated particles. In  particular it 
was desired to determine experimen- 
tally the effects of flow rate, particle 
size, and properties of the fluid phase 
on k.. A mechanism of heat transfer 
has already been proposed ( 1 3 )  for 
beds of particles filled with stagnant 
fluid. Hence the extension of the theory 
that is needed is a description of the in- 
fluence of the velocity of fluid through 
the bed. 

EXPERIMENTAL WORK 

The data for obtaining the effective 
thermal conductivity consisted of steady 
state measurements along the axis of a 
cylindrical bed of the particles. It was 
necessary to ensure that the only transfer 
of energy was parallel to the flow of 
fluid. To reduce transfer in the radial 
direction the bed was contained in a flask 
2.54-in. I.D. and Sin. length. As indi- 
cated in Figure 1 fluid was introduced 
into the top of the vertical bed and passed 
downwards countercurrent to the upward 
flow of energy as heat. Heating tape was 
wound around a copper cylinder below 
the bed, and energy was transferred 
through this copper cylinder, through 
which 5/16-in. diameter holes were 
drilled. To reach the bottom of the bed 
heat flowed upwards through the lower 
cylinder of copper into an upper cylinder 
drilled with 3/16-in. holes and finally 
through a bed of lead shot. The upper 
copper cylinder, drilled with smaller holes 
for the fluid and surmounted with lead 
shot, was used to obtain a uniform tem- 
perature across the tube diameter at the 
bottom of the bed. 

The flask was enclosed in a steel casing 
equipped with flanges at both ends. Leak- 
age of fluid between the flask and the 
casing was prevented by plugging the 
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annular spaces with sealing cement. Tem- 
peratures were measured with one set of 
copper-constantan thermocouples (30 B 
and S gauge) located along the central 
axis of the bed and a second set near the 
tube wall, as shown in Figure 1. The fluid 
entered the top of the apparatus at 
slightly below room temperature. The heat 
input was adjusted to provide a longitudi- 
nal temperature variation in the bed as 
large as conveniently possible, and of the 
order of 200°F. Temperature control was 
achieved with a thermocouple embedded 
in the top of the lower copper cylinder. 
During a run the reading of this thermo- 
couple was maintained constant at a level 
between 300" and 500"F., depending 
upon the flow rate of fluid through the 
bed. 

To obtain near adiabatic operation in 
the radial direction cooling coils were 
wound around the steel casing as illus- 
trated in Figure 1. It was necessary to 
provide cooling because heat flowed from 
the heated section upwards through the 
copper cylinders and steel casing. By ad- 
justment of the water rate through the 
coils it was possible to maintain essentially 
identical readings of the thermocouples at 
the axis and edge of the bed, thus provid- 
ing the condition for no flow of heat in 
the radial direction. Temperatures were 
observed to 0.5"F. by a recorder. The 
flow rates of the gases through the bed 
were measured with a wet-test meter and 
the water rate determined by direct volu- 
metric measurement. 

SCOPE OF DATA 

Measurements were made on beds 
packed with four different sizes of 
glass beads with eve fiuids, helium, 
nitrogen, air, carbon dioxide, and liquid 
water. The characteristics of the beds 
of particles are: 

glass 
beads 

1,020 p (0.0402 in.), 
void fraction = 0.39 
570 p (0.0224 in.), 
void fraction = 0.37 
370 p (0.0146 in.), 
void fraction = 0.37 
110 p (0.0043 in.), 

. void fraction = 0.34 

240 p (0.0095 in.), 
void fraction = 0.44 
110 p (0.0043 in.) ~ 

void fraction = 0.40 
sand { 
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Fig. 3. Dimensionless temperature distribution. Fig. 1. Outline of experimental equipment. 

The flow rates of interest in beds of 
fine particles are relatively low. In this 
study the mass velocities were from 1 
to 26 lb./hr. sq. ft. of total area, and 
the corresponding modified Reynolds 
numbers ranged from 1 x lo-' to 1. All 
the data were taken at atmospheric 
pressure, as measured at the exit of 
the lower copper cylinder (Figure 1). 

RESULTS 
The method of measurement did not 

provide information on the small, but 
finite, temperature difference between 
the fluid and the particles. Hence the 
data were analyzed to obtain apparent 
values for the thermal conductivity of 
the heterogeneous system. This pro- 
cedure is based on the concept that 
the system possesses a single, mean 
temperature at any point in the bed. 
The resultant values of k, thus include 
the effect of heat transfer between 
fluid and solid particles. With this 
model, and neglecting the heat transfer 
in the radial direction, one can relate 
the effective thermal conductivity to 
the temperature profile by 

With the boundary conditions 
- 

x = o  t = t ,  

x = L  t = t,, 
- ( 2 )  

the solution of Equation (1) is 
1 - e-== 

1 - e -=L  

_ _  
t - t L  

t o  - t ,  
1-- ( 3 )  -= _ -  

01 = G C p / k ,  (4) 
Equation ( 3 )  was used to evaluate 01 

by utilizing the measured temperature 
profile. 

Figure 2 illustrates the temperature 
vs. distance relationship observed. 
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Fig. 2. Examples of  temperature distribution 
in packed bed of fine particles. 

Figure 2 one can evaluate an average 
value of '01 for each run. The data 
points from Figure 2 are shown also on 
Figure 3 to illustrate the results. For 
th&e selected runs values of 01 are 
noted to be approximately 10, 16, and 
n ,  

Three examples are given showing the 
effect of mass velocitv on the shme of 
the profile. Included'on the figuk are 
the temperature measurements at both 
the axis and wall positions. Data were 
taken at too few axial distances (8 
locations) to permit gainful application 
of a statistical technique. In lieu of 
this curves were prepared showing the 
relationship between temperature and 
distance, x, as required by Equation 
( 3 ) .  These curves could be drawn 
after two experimental points were 
used to fix numerically the boundary 
conditions [Equations ( 2 )  1. Figure 3 
illustrates the resultant curves for the 
runs shown in Figure 2,  with x = 0 
chosen at the lowest thermocouple loca- 
tion and L = 3.75 in. Superimposing 
the calculated curves from Figure 3 on 
the experimental profiles plotted in 

24. 
From 01 the effective thermal con- 

ductivity was determined by the use of 
Equation (4) and a mean specific heat 
for the fluid in the bed. The results for 
all the runs are shown in Figures 4 to 
8 for the four fluids*. A mean value of 
the viscosity was employed in comput- 
ing the modified Reynolds numbers. 
Since the properties change slowly 
with temperature at atmwpheric pres- 
sure, errors introduced in using mean 
properties are less than the uncertain- 
ties due to the temperature and loca- 
tion measurements. 

The greatest errors in the determina- 
tion of k. probably arose from the in- 

* Copies of tables of the experimental data are 
available in the Chemical Engineering Depart- 
ment, Northwestern University, Evanston, Illinois. 

Glass B e a d s  

0 01 0 2  03 0 4  0 5  06 07 08 09 

NR., = DOG /P 

Fig. 4. Data for carbon dioxide. 
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Fig. 5. Doto for air. 

0.1 

accuracy in measuring the location of 
the thermocouples in the bed and from 
fluctuations in flow rate, particularly at 
low values. Less significant uncertain- 
ties include errors in temperature 
measurements and deviation from adi- 
abatic operation and steady state 
operation. 

The points for the stagnant conduc- 
tivity, shown on Figures 4 to 8, were 
computed from the following equations 
derived in the earlier paper (13) : 

I I I l l l  

( 5 )  
E - 0.260 c = 4.2 + ( 6 - 4 2 )  

0.216 

In the application of these expressions 
the thermal conductivity of the beads 
was first computed from the assumed 
composition of the glass (36.2 wt. $6 
silicon dioxide, 6.7% zinc oxide, 7.7% 
boron trioxide, 3.5% aluminum oxides, 
44.5% barium oxide, 0.2% potassium 
oxide, 0.2% calcium oxide, 0.3% an- 
timony trioxide, and 0.7% arsenic 
pentoxide), with published information 
(8) used. The result was k, = 0.47 
B.t.u./(ft. hr. OF.). This value, ap- 
plicable at 77"F., was assumed to be 
satisfactory also at  the mean bed tem- 
perature, which was always close to 
100°F. For sands a value of k. = 2.7 
was chosen. This is the mean of the 
thermal conductivities for quartz and 
vitreous silica. 

The stagnant conductivities so evalu- 
ated are shown in Figures 4 to 8 at 
zero Reynolds number. These values 
are helpful in locating the lower ends 
of the curves, because accurate values 
for k,  are difficult to measure at low 
flow rates. 

APPARENT CONDUCTIVITIES AND 
HEAT TRANSFER BETWEEN 
PARTICLES AND FLUID 

It  was mentioned that the apparent, 
effective conductivities as measured in 
this study include the effect of heat 
transfer between solid particles and 
the fluid stream. This is because the 
thermocouples in the bed indicated 
neither fluid nor gas temperatures but 
values between the two. The mechan- 
ism of energy flow in the experiments 
consisted of transfer through the solid 
particles upwards in the bed and trans- 
fer from the particles out into the fluid 
phase. At steady state conditions the 
temperature of the particles will be 
somewhat above that (t,) of the fluid, 
although the difference will be small. 
With this concept of heat exchange in 
the bed (4 ,  23)  it is possible to relate 
the apparent effective conductivity and 
the heat transfer coefficient between 
the solid and fluid. This relationship is 
developed in the following paragraphs. 

For the system used in this investi- 
gation, with parallel but countercurrent 
HOW of heat and fluid, energy balances 
on the fluid and solid phases give the 
expressions 

d't, dtn 
dx' dx  

E k ,  - + G Cp- = - h a  ( t ,  - to)  

In reference 13 equations were devel- 
oped for k," by adding the contribu- 
tions due to heat flow through the solid 
phase and through the voids. The 
quantity k ,  ' represents the solid-phase 
contribution to the stagnant conductiv- 
ity. Therefore at low temperatures 
where radiation is unimportant, k.' is 
given by the second term on the right 
side of Equation (6) ;  hence 

0.9 (1 - E )  
k,' = k, (9) 4 + 2/3 ( k , / k , )  

Equations (7)  and (8) can be sim- 
plified by elimination of t, and by 
introducing Reynolds, Prandtl, and 
Nusselt numbers, as defined in the 
notation. The surface area per unit 
volume of packed bed can be approxi- 
mated by assuming that the particles 
are spherical and that their entire sur- 
face is effective for heat transfer. Under 
these conditions this is given by 

Carrying out these operations one can 
reduce Equations (7)  and (8) to 

dV, NPrNRs  d"t, 
D,"-+-- D," - 

dx' E dx' 

(1 - E )  
-6- 

E 
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Fig 7. Data for liquid water. 

The temperature difference between 
the fluid and adjacent solid particle, 
tg - t,, is too small to be determined 
accurately for beds of fine particles 
(23). The temperature profiles in the 
solid and fluid phases must be on either 
side of, and very close to, the meas- 
ured profile illustrated in Figure 2. 
Therefore for beds of fine particles the 
mean-temperature ratio defined by 
Equation (3) is nearly the same as the 
ratio expressed in terms of to; that is 
Equation (3) may be written as 

- -  1 - e-a= t o  - t r ,  -- --=1-- - 
1 - e-"L t o ,  - tv, 

t - t, 
to - tL 

(12) 
Equation (12) can be used to formu- 
late the derivatives in Equation (11) 
in terms of 01. Carrying out this opera- 
tion and expressing 01 in terms of k,  
[Equation (4)] one can transform 
Equation ( 11) to 

( $ ) y 1 + $ >  ($) 
N ' P ~ N ~ R , ,  
6 ( 1 - E )  Nm 

- 

This equation provides the desired re- 
lationship between the apparent con- 
ductivity and the heat transfer coeffi- 
cient (in the form of Nu).  When one 
solves Equation (13) for the Nusselt 
number 

N ' P ~ N ~ R ~ , , ,  
6 ( l - c )  

N m  = 

c k, 1-- 
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This expression can be used to evaluate 
the heat transfer between particle and 
fluid from data for the apparent, effec- 
tive conductivity. Also the relationship 
can be adopted to predict apparent, ef- 
fective conductivities from a knowledge 
of the heat transfer coefficient between 
particle and fluid. As Equation (13) 
suggests, this requires the solution of a 
cubic equation. The smallest positive 
root is the desired value for k , /k ,* .  

- ,. 

Ciq. Water 
Glass Beads  

08 

- 
06 

5 
f 
2 0 4  
m 

s- 02 

L - 

0 
0 001 002 003 004 005 006 

N..m = DpG'r 

Flg. 8. Data for liquid water. 

If the fluid has a comparatively low 
thermal conductivity, for example ases 
such as air or carbon dioxide, c f D / k ,  
is much smaller than unity. For these 
fluids Equation (14) simplifies to a 
quadratic form whose solution is 
-=-[1+ k,  1 
k," 2 

2 N 2 p r N Z ~ e m  

(l 4- 3 (  1 - t) (k ," /k , )N , ,  
(15) 

DISCUSSION ON 
PREDICTION OF APPARENT, 
EFFECTIVE CONDUCTIVITIES 

There are available a number of 
studies of heat transfer coefficients be- 

v Furnos (21 

7 L6f 8 Hawley  (14) 

A S a t t e r f i e l d  8 R e s n i c k  (18) 

Yogi, Kumi 8 I t 0  (24) 

P Dp=OO0114" 

c1 000148" 
E i c h h o r n  8 

0002'4" W h i l e  ( I )  
000270" 

L ~ I - I I I I  I 1 1 1 1  1 I I I I  I 1 1 1 1  I I l l 1  
lo-* lo-' I 10 I o2 I 0' I 0' 

DPG/r 

Fig. 9. Nusselt vs. Reynolds number far air in packed beds. 
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Fig. 10. Nusselt VE. Reynolds number for different fluids. 

tween fluid and solid particles in packed 
beds. Table 1 summarizes the condi- 
tions used for a series of these studies 
covering a range of particle sizes. All 
the data are for air flowing through the 
bed. Figure 9 shows a plot of these re- 
sults in the form of Nusselt vs. modi- 
fied Reynolds numbers. The data for 
the present study on smaller particles 
can be estimated on the same basis by 
evaluating Nusselt numbers from Equa- 
tion (14).  The calculations were car- 
ried out by using the experimental re- 
sults for k.  illustrated in Figure 5. The 
values of k,' were determined from 
Equation (9) as described in reference 
13. The application of Equation (14) 
is subject to errors when k,/k.* is near 

unity; this is likely to occur at very low 
flow rates. Despite the scatter in some 
of the data points. Figure 9 indicates 
consistency between the previously 
published results at high Reynolds 
numbers and the present data at  con- 
siderably lower values of N R ~ , .  The 
data for the small glass beads and sand 
particles (Figure 9) show a distinct 
effect of particle size; the Nusselt num- 
ber increases with increasing particle 
diameter. Additional data covering a 
wider range of sizes are needed to 
determine completely the effect of 
particle diameter. 

Figure 10 shows plots of NN,/Nzp,,  
vs. Nzatn  for all four fluids studied. This 
method of plotting, as suggested by 

TABLE 1. EXPERIMENTAL CONDITIONS FOR HEAT TRANSFER COEFFICIENTS 
BETWEEN SOLID PARTICLES AND FLUIDS IN PACKED BEDS 

Reference Fluid Type of particle Particle size 

Furnas ( 2 )  Air Iron, iron oxide balls 0.32 to 1.5 in. 

Lof and Hawley ( 1 4 )  Air Granite (granular) 4 mesh to 1.5in. 

Satterfield and Res- H,O,HSO Catalytic metal spheres 0.20 in. 
nick ( 1 8 )  

Yagi, Kunii, and It0 Air Steel balls, glass beads, 0.019 to 0.197 in. 
( 2 4 )  lead shot 

Eichorn and White Air Plastic spheres 24/28 mesh to 
(1) 150/180 mesh 

Hougen, Gamson, and Air Cellite particles 0.161 to 0.456 in. 
Thodos (7) 
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Equation (14), tends to bring the data 
for different fluids together. Complete 
coincidence of the results for various 
fluids is not expected in Figure 10 be- 
cause k, /k ,  and k,/k.* are dependent, 
to some extent at least, on k, and the 
Reynolds number. As in Figure 9 data 
for different particle sizes would not 
fall on the same curve in Figure 10. 

Figure 10 and Equation (13) suggest 
an approximate method of predicting 
the apparent, effective thermal conduc- 
tivity of a bed of unconsolidated parti- 
cles, for the sizes investigated, and 
through which helium, air, carbon di- 
oxide, or water is flowing. The proced- 
ure is as follows: From the nature of the 
fluid, the particle size, and the flow rate 
estimate the Nusselt number from Fig- 
ure 10. Then evaluate k.' from Equa- 
tion (9) and k, from Equation (13). It 
may be observed that the ratio k,/k," 
computed from Equation (13) is a 
measure, in part, of the effect of flow 
on the stagnant conductivity. It is not 
solely a measure of this effect to the 
extent that k," differs from k.'. This 
difference is larger for fluids of com- 
paratively high thermal conductivity, 
such as water. As data are accumulated 
on Nusselt number vs. Reynolds num- 
ber, it is expected that the approximate 
Figure 10 can be developed into an 
accurate method of predicting the heat 
transfer coefficient in beds of small 
particles. 

It should be emphasized that the 
results presented apply only for heat 
transfer parallel to the flow of fluid. It 
is expected that apparent conductivi- 
ties in the radial direction would be 
appreciably difFerent. 
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NOTATION 

a 

c* 
D, 

G 

h 

k. 

= surface area of spherical par- 
ticles per unit volume of 
packed bed, sq. ft./cu. ft. 

= specific heat at  constant pres- 
sure, B.t.u./ (Ib. OF.) 

= diameter of spherical parti- 
cles, ft. 

= mass velocity of fluid through 
the bed, lb./(hr.) (sq. ft. of 
total cross-sectional area of 
bed) 

= heat transfer coefficient be- 
tween solid particle and fluid 
phase, B.t.u./(hr. sq. ft. OF.) 

= apparent, effective thermal 
conductivity of the bed with 
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flowing fluid, B.t.u./(hr. ft. 
OF.) 

= stagnant effective thermal 
conductivity of bed (that is 
bed filled with stationary 
fluid), B.t.u./(hr. ft. O F . )  

= effective thermal conductiv- 
ity representing heat transfer 
through the solid particles, 
B.t.u./(hr. ft. OF.) 

= thermal conductivity of fluid 
in bed, B.t.u./(hr. ft. O F . )  

= thermal conductivity of solid 
particles in bed, B.t.u./(hr. 
ft. O F . )  

= distance between extreme 
thermocouples at  the axis of 
the bed, ft. 

= Nusselt number, hD, /k , ,  di- 
mensionless 

= Prandtl number, C, v /kg ,  di- 
mensionless 

= modified Reynolds number, 
D, G/q, dimensionless 

= temperature, O F . ,  t denotes 
mean temperature in bed as 
indicated by thermocouple 
readings 

= distance measured from 
downstream thermocouple in 
the bed. ft. 

Greek Letters 
ff = G C,/k,, ft.-’ 

+ 
E = void fraction in the bed 

= parameter measuring the heat 
transfer resistance in the 
stagnant fluid adjacent to 
the contact point of adjacent 
solid particles, dimensionless; 

and +2 refer to the loose 
and dense packing arran e- 
ments for spherical partic 7 es 
( 1 3 )  

7) = viscosity of fluid, lb./(hr. ft.) 
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A Quantitative Treatment of the Forgotten 

Effect in Liquid Thermal Diffusion 
JOHN D. BALDESCHWIELER 

Harvard University, Cambridge, Massachusetts 

The influence of the concentration gradient on the density gradient in a thermal-diffusion 
column is called the forgotten effect. A modification of the theory developed by Furry, Jones, 
and Onsager is  proposed to include the effect of the horizontal concentration gradient. A sample 
calculation with the system toluene-cyclohexane shows that the equations predict the proper 
behavior for a forgotten-effect system. 

In quantitative treatments of thermal position gradient arises from the sep- 
diffusion column operation it is fre- (1) aration of the mixture by thermal dif- 
quently assumed that the horizontal fusion. The influence of the concentra- 
density gradient in a column ap/ax is However ap/ax must also depend on tion gradient on the density gradient in 
caused only by the horizontal tempera- the horizontal gradient in composition a column has been called the forgotten 
ture gradient (1, 2, 3)  ; that is of the mixture in the column. The corn- ~ e c t  ( 4 ) .  The horizontal density 

‘- ax = ($ ) ( $ ) 
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